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Abstract. In this paper we investigate a *-algebra X of fractions associated with a unital 
complex *-algebra A. The algebra X and its Hilbert space representations are used to prove 
abstract noncommutative strict Positivstellensatze for A. Multi-grading of A are studied as 
technical tools to verify the assumptions of this theorem. 

As applications we obtain new strict Positivstellensatze for the Weyl algebra and for the Lie 
algebra g of the affine group of the real line. We characterize integrable representations of the 
Lie algebra q in terms of resolvents of the generators and derive a new integrability criterion 
for representations of q. 

1. Introduction 

Positivstellensatze are fundamental results of real algebraic geometry |PDj . [MlJ . They 
represent positive or nonnegative polynomials on semi-algebraic sets in terms of weighted sums 
of squares of polynomials. Noncommutative strict Positivstellensatze have been proved for the 
Weyl algebra in |S3] (see also [C]) and for the enveloping algebra of a finite dimensional Lie 
algebra in [S4] . The technical ingredients of these proofs are Hilbert space representations 
of certain algebras of fractions. Results of this kind can be considered as steps towards a 
noncommutative real algebraic geometry (see e.g. [S5] and [HP] for recent surveys). 

In the present paper we investigate a fraction *-algebra X associated with a unital *-algebra 
A. Our main aim is to develop a general method and technical tools for proving noncommutative 
strict Positivstellensatze of A by means of the *-algebra X. 

Throughout ^ is a complex unital *-algebra which has no zero-divisors and So is a ^-invariant 
left Ore set of A. Further, 5 is a unital ^-invariant countable submonoid of So and X is a unital 
*-subalgebra of the fraction *-algebra ASq^ such that A C XS, X C AS~^ and S~^ is a right 
Ore subset of X. Let Sq denote a ^-invariant set of generators of S and X^ the quotient 
*-algebra of X by the two-sided *-ideal generated hj s E S. 

Let us explain the contents of the paper. In Section 2 we show how a bounded ^-representation 
p of X satisfying kerp(s~^) = {0} for s G 5 gives rise to an (unbounded) ^-representation Hp 
of the *-algebra A. Despite of being essential for the results in Section 3, this construction 
seems to be useful in unbounded representation theory of *-algebras. Representations of the 
form TTp are candidates for the definition of "well-behaved" unbounded representations of the 
*-algebra A (see also Remark [2] below) . Section 3 contains three variants of an abstract strict 
Positivstellensatz for the *-algebra A. Our main abstract strict Positivstellensatz (Theorem [3]) 
can be stated as follows. Assume that the *-algebra X is algebraically bounded and the inner 
automorphisms as(-) = s-s~^, s E S, leave X invariant. Let c be a hermitian element of A and 
t G 5 such that t'^^c(t*)~'^ is in X. If the operators vrp(c) and Ps(t~^c(t*)~^) are strictly positive 
for all irreducible *-representations Hp of A and ps of X^ for s E Sq, then there exists an element 
s E So such that scs* is a finite sum of hermitian squares in the *-algebra A. The fraction 
algebras and the denominator sets used in |S3j and ^S4j satisfy the assumptions of Theorem [31 
In general it might be not easy to prove that these assumptions are fulfilled. In Section 4 we 
study multi-graded *-algebras and develop some conditions and results which are useful tools 
to verify the assumptions of Theorem [31 

The second group of results of this paper are two strict Positivstellensatze proved in Sections 
5 and 7. The first one (TheoremlS]) is about the Weyl algebra W(l) with denominator set So=S 
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generated by Sq = {p ± ai, q ± (3i}, where a and (3 are fixed nonzero reals. The proof uses a 
result of Kato |K2] about the integrability of the canonical commutation relation. The second 
application (Theorem [8]) concerns the enveloping algebra S{q) of the Lie algebra g of the ax + b- 
group. Here the denominator set Sq = S is generated by Sq = {is ± {a+n)i, ib ± l3i; n E Z}, 
where a and f3 are reals such that a < —1, (3 ^ and a is not an integer and {a, b} is a basis 
of Q satisfying the Lie relation [a, b] = b. The results of Section 6 are essentially used in the 
proof of the Positivstellensatz in Section 7, but they are also of interest in itself. Section 6 
contains a description of integrable representations of the Lie algeba g in terms of a fraction 
algebra (Proposition [6] and Theorem [6]) and a new integrability criterion (Theorem [7]) which is 
the counterpart of Kato's theorem for representations of the Lie algebra g. 

We close this introduction by collecting some terminology on *-algebras and unbounded 
representations (see [SlJ for a detailed treatment of this matter). Suppose that i3 is a unital 
*-algebra. A * -representation vr of i3 on a dense linear subspace T>{n) of a Hilbert space 7Y(7r) 
is an algebra homomorphism of B into the algebra of linear operators mapping 'D{tt) into itself 
such that vr(l)y9 = (p and {'7i{b)ip,ip) = {(p,7i{b*)ip) for ip,ip E V^n) and b E B. Here (■, ■) 
denotes the scalar product of 7i(7r). The graph topology t^^ is the locally convex topology on 
P(7r) defined by the seminorms —>■ \ \7c{b)ip\\, where b E B. Let Bh = {b E B : b* = b} he the 
hermitian part of B and let ^ B^ be the cone of all finite sums of hermitian squares b*b, where 
b E B. We denote by Bb the set of all b E B for which there exists a positive number A such 
that A-1 — b*b E Then Bb is a *-algebra [V], see e.g. [S3]. We say that B is algebraically 

bounded when B = Bb- We write T > for a symmetric operator T on a Hilbert space when 
{Tijjjijj) > for all nonzero vectors ijj in its domain V{T). 



2. Some Algebraic Preliminaries 

First let us fix the algebraic setup used throughout this paper. We assume that So is a 
♦-invariant left Ore set of A. This means that So is a unital ^-invariant submonoid of ^\ {0} 
(that is, 1 E So, s* E So and st E So for s,t E So) satisfying the left Ore condition (that is, 
for each s E So and a E A there exist t E So and b E A such that ta = bs). The symbol 1 
always denotes the unit element of A. The *-invariance and the left Ore condition imply that 
So satisfies the right Ore condition (that is, for any s E So and a E A there are t E So and 
b E A such that at = sb). Let ASq^ be the fraction *-algebra with denominator set So (see e.g. 
[R] , |GWj ) . We denote by 5 a unital *-invariant submonoid of So generated by a countable 
subset Sg, by So the set Sg U S* and by Ac a ^-invariant set of generators of the algebra A. 

Throughout we suppose that X is a *-subalgebra of ASq^ such that S~^ C X and Ac ^ XS. 
Let Xg be a fixed ^-invariant sets of algebra generators of X. For s G iS let be the two- 
sided *-ideal of X generated by (that is, Jg = Xs~^X + X{s*)~^X) and by Xs = X/3s the 
corresponding quotient *-algebra. For notational simplicity we denote elements of X and their 
images in Xg under the canonical map by the same symbol. 

The main assumption used in this paper is the following condition: 

(O) S~^ is a right Ore set of the algebra X, that is, for s E S and x E X there exist elements 
t E S and y E X such that xt~^ = s~^y (or equivalently sx = yt). 

The next lemma is often used in what follows. It reformulates the well-known fact ( [G Wj . 
Lemma 4.21(a)) that finitely many fractions can be brought to a common denominator. 

Lemma 1. Assume that (O) is satisfied. Let T be a finite subset ofS. There exists an element 
to E S such that st~^ E X and t~^s E X for all s E T, where t = t^to. 

Proof. We first prove by induction on the cardinality that for each finite set ^ C 5 there exists 
ti E S such that st^^ E X for all s E T. Suppose this is true for JF. Let Si E S. Since s^^ E X, 
by assumption (O) there are elements t^ E S and y E X such that s]'^t2 ^ = tj~^|/. Then we 
have s{t2Si)^^ = {sti^)y G X for s G J-" and Si(t2'Si)^^ = t2 ^ ^ which proves our claim for 
^U{si}. 
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Now let JF be a finite subset of S. Applying the statement proved in the preceding paragraph 
to the set JF U JF*, there exists E S such that stg ^ G X and 3*1^^ G X. Then we have 
s{t*to)-^ = (sto e X and (^0^0)"^^ = {{s%^){t^*)-^y e X for seJ^. □ 

Let XS = {xs; x E X, s E S} and SX = {sx; x E X, s E S} considered as subsets of ASq^. 
The next lemma collects some equivalent formulations of condition (O). We omit the details 
of the simple proofs. In the proof of the implication (iv) (v) we use Lemma [1] in order to 
show that XS is closed under addition. 

Lemma 2. The following are equivalent: 

(i) Condition (O) is satisfied, 
{ii) XS = SX. 

{iii) XS is ^-invariant. 

{iv) XS is closed under multiplication. 

(v) XS is a *-subalgebra of ASq^ . 

Suppose that (O) holds. Because S~^ is ^-invariant and a right Ore set of X by (O), it is also 
a left Ore set and the *-algebra X{S~^)~^ of quotients with denominator set S~^ exists. Since 
j£ is a *-subalgebra of ASq^, it follows from the universal property of algebras of quotients that 
X{S^^)^^ is ^-isomorphic to the *-subalgebra XS (by Lemma [2]) of ASq^ . As assumed above 
the *-algebra XS contains the generator set Ac of the algebra A. Therefore, we have 

(1) A C XS. 

The following three conditions are on sets of generators of S and X. Because of Lemma [3] 
below they are convenient tools for the verification of condition (O). 

{lA) For s E Sg and x E Xg there is an element y E X such that xs~^ = s~^y. 

(Al) For s E Sg and x E Xq there exist elements t E Sg and y E X such that xt~^ = s~^y. 

{A2) Given si, S2 E Sg, there exists an element t E S such that sit"^ E X and S2t~^ E X. 

Note that {I A) is a strengthening of (^41). An equivalent formulation of {I A) is that for 
each generator s E Sg (and hence for all x E S) the inner automorphism as{x) := sxs~^ of the 
algebra ASq^ leaves X invariant. 

Lemma 3. [i) If [Al) and {A2) are satisfied, then (O) holds. 

(ii) If {I A) is fulfilled, then (Al), {A2) and hence (O) are valid. 

Proof, (i): Let 3^ denote the set of elements x E X such that for each s E Sg there exist t E Sg 
(!) and y E X satisfying sx = yt. Let xi,X2 E y and s E Sg- Then there are ti,t2 ^ Sg and 
yi,y2 £ X such sxi = yiti and 3x2 = y2i2- Since ti E Sg and X2 E y, there exist ts E Sg 
and y-s E X such that tiX2 = y^tz- Then we have SX1X2 = yitiX2 = yWsts, so that X1X2 E y. 
Because y contains the set Xg of algebra generators by (Al), it follows that Lin y = X. 

Since ti,t2 ^ Sg, condition (A2) applies and there exists t E S such that tit~^,t2t~'^ E X. 
Then we have s{XiXi + X2X2) = {Xiyitit~^ + \2y2t2t~^)t E X-t for Ai, A2 E C. This proves that 
(O) is valid for generators s E Sg and for all x E Lin y = X. 

Now suppose Si and S2 are elements of S such that the assertion of (O) holds for all elements 
of X. Therefore, ii x E S, then there are ti,t2 £ S and ?/i,?/2 £ X such that six = yiti and 
-521/1 = 1/2^2- Then, S2S1X = S2yiti = 2/2^2^1, that is, (O) holds for the product S1S2 and all 
a; e X as well. Hence condition (O) is valid for arbitrary elements s E S and x E X. 

(ii): Trivially, (lA) implies (^41). Let Si,S2 E Sg- Putting t = S1S2, we have Sit~^ = 
asi{s2^) G X as follows from (A3) and 52^""*^ = s^^ E X. This proves {A2). □ 

Throughout the rest of this paper we assume that assumption (O) is satisfied. 

Now let p be a ^-representation of X. Since p is a right X-module and S~^ is a right Ore set, 

T^torip) '■= W ^ "^(p) ■ There exists s E S such that p{s~'^)Lp = 0} 

is a linear subspace of T>{p) which is invariant under p ( |G W] . Lemma 4.12). Hence the 
restriction ptor of p to the tp-closure of T>tor{p) in '^(p) is a ^-representation ptor of X called the 
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- torsion subrepresentation of p. We say that p is -torsion if Vtor{p) = T^{.p) and that p 
is -torsionfree if 'Dtor{p) = {0}. We shall omit the prefix if no confusion can arise. 

Suppose now that p is a hounded ^-representation of ^ on a Hilbert space 7i(p) = T^{p)- Then 
T^{Ptor) is closed subspace of 7i(p) and p is a direct sum of the torsion subrepresentation ptor on 
the Hilbert space V{ptor) and a torsionfree subrepresentation ptfr on V{ptfr) '■= 'H{p) QV{ptor)- 

Lemma 4. Suppose that condition (lA) is satisfied. Then each bounded * -representation p 
of X on a Hilbert space 'H{p) = 'P(p) decomposes into a direct sum p = ptjr ® {(BseScPs) of 
* -representations ptfr and Ps of X such that pt/r is torsionfree and Ps(s"^) = for s E Sg, so 
Ps factors to a ^-representation of the *-algebra = X/3s- 

Proof. We enumerate the countable set Sq as Sg = G N}, where either = {1, ■ ■ ■ ,m} 

with m E N or N = N. Put 7^^ := ker p(r^^). Let x E X. Since Sg is ^-invariant, rl E Sg and 
hence y := r]"x*(r^)"^ G ^ by (lA), so that p{r^^)p{x)ip = p{y*)p{r^^)ip = for G Hr^. That 
is, the (bounded) *-representation p leaves Hr^ invariant. Let pr^ and p denote the restrictions 
of p to and H^p) Hn, respectively. Then we have Pnii^i^) = and ker p(rf ^) = {0} by 
definition. Proceeding in similar manner by induction, we obtain an orthogonal direct sum of 
*-representations p^. of X on subspaces Hr , j E N. Clearly, for the restriction ptj^ of p to the 
invariant subspace Hq := 'H{p) {(BjeN'Hrj) we have kerp(s~^) = {0} for s E Sg and hence for 
all s E S. This means that ptfr is torsionfree. □ 

Let us illustrate the preceding decomposition by a very simple example. 

Example 1. Let A = C[x] be the *-algebra of polynomials in a hermitian variable x. Set 
Sg = {s:=x^+l} and S = Sq = {s"; n E No}. Let X be the unital *-subalgebra of ASq^ 
generated by a:=s~^ and b:=xs~^. It is not difficult to show that each ^-representation p of X 
is of the form 



for some spectral measure E on TC{p) supported on the circle C given by the equation A^+p^ = A. 
Then we have ©(p^,) = V{p,) = E{{0,0))n{p), = E{C\{0,0))n{p) and p,(p(a,6))y^ = 

p(0,0)v9 for if E E{{0,0))H{p). Note that 6^ E Js and b ^ Js, but Ps{b) = (see e.g. Lemmas 
E] and E] below). 

3. Representations of A Associated with Torsionfree Representations of X 

Suppose that p is a bounded S~^ -torsionfree ^-representation of the *-algebra X on a Hilbert 
space T>{p) = Ti. That p is torsionfree means that kerp(s~^) = {0} for all s E S. Our aim is 
to associate an (unbounded) ^-representation vTp of the *-algebra A with p. Define 



Lemma 5. (i) "Dp is dense in the Hilbert space 7i. 
{ii) p{x)Vp C Dp for x G X. 
{Hi) p{s^^)Vp = Dp for s E S. 

Proof, (i): The main technical tool for proving this assertion is the so-called Mittag-Leffler 
lemma (see e.g. [SI], p. 15). Let us develop the necessary setup for this result. 

We enumerate the countable set Sg of generators as Sg = {fj]] E N} such that ri = 1, 
where = {1, ■ ■ ■ , m} with m G N or = N. For n G N let iS" denote the set of all products 
^ii • • • ''^jm where ji < n, . . . , jr < n and ji, . . . ,jn E N. Since the set iS" is finite, it follows 
from Lemma [1] that for each n G N there exists an element t„ = t* G 5 such that st~^ E X for 
all s G iS" and tn^^+i G X. Setting 5° = {1} and to = 1, the latter is also satisfied for n = 0. 

For n E No, let En denote the vector space p(t~^)H equipped with the scalar product defined 
by {ip,ip)n = {p(t~^)~^ip, p(t~^)~^ip) : where '^,4' E En- Since En is the range of the bounded 
injective operator p(t~^), {En, (■, ■)«) is a Hilbert space with norm \ \ip\\n = \ \p(tn^)~^^\\- 

We first show that En+i is a subspace of En and that || ■ ||n < c„|| ■ for some positive 
constant c„. For let E H and set (p := p{t~^j)-ip. Since tnt'+i G X by the choice of elements 




(2) 
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tk , we obtain Lp = p{t^^i)ip = p{t^^) p{tnt^\i)il) which proves that En+i C En- By definition 

we have Hv^Hn+i = ||^|| and hence ||v9||„ = \ \p{tntnli)i'\ \ < \ \p{tntnli)\\ llv^lU+i- 

Next we prove that En+i is dense in the normed space {En, \ \ ■ ||n)- For this it suffices to 
show that each vector ( & En which is orthogonal to En+i in the Hilbert space {En, {■, ■)n) is 
the null vector. Put ^ := p{t^^)(. That the vector ( is orthogonal to En+i means that 

= {C,p{tnU)v)n = {p{tnY\,pitnT'pitnllW) = Pfe V(t-')p(tnd)v^) 

= {^,Pitnt-U)^) = {p{tnt-l,n,v) = {p{t-l,tn)^,^) = {p{t-l,tn) p{t-'K , = (p(Cl)C, 

for all ip E Ti, where we freely used the properties of the ^-representation p of X and of the 
larger *-algebra ASq^. Thus we obtain p(t^+i)C = 0. Since p is torsionfree, 'kei p{tnXi) = {0}. 
Hence we get C = 0. This proves that En+i is dense in En- 
la the preceding two paragraphs we have shown that the assumptions of the Mittag-Leffler 
lemma (see |Slj . Lemma 1.1.2) are fulfilled. From this result it follows that the vector space 
Eoo '■= n„GNo-^n is dense in the normed space Eq = H. Obviously, Vp C E^. Let s G iS. Then 
s G 5" for some n E N and hence p{t~^)H = p{s^^) p{stn^)H C p{s^^)H. This in turn yields 
Eoo ^ l^p- Therefore, Vp = E^ is dense in H. 

(ii) : Suppose that ip E Vp and x G X. Let s G 5. By assumption (O) there exist elements 
t G iS and |/ G X such that sx = yt, so that xt"^ = s~^y. From the definition ([2]) of Vp, there 
is a vector ip E Ti such that ip = p{t^^)ip- Then we have p{x)(p = p{xt^^)ip = p{s^^)p{y)ip G 
p{s~^)H. Since s E S was arbitrary, we have shown that p{x)ip G ^ses p{s^^)'H = T^p- 

(iii) : Suppose s G 5. Since p{s~^)Vp C Vp by (ii), it suffices to show that each vector 
ip E Vp belongs to p{s^^)Vp. According to the definition of Vp, we have (p G p{s~^)TC and 
ip G p{{ts)~^)H for each t E S, that is, there are vectors ip E H and rjt E H such that 
(p = p{s~^)ip = p{{ts)''^)rit. Since kerp(s~^) = {0}, the latter implies that ip = p{t^^)rjt, so 
that iIj E Htes p{t~^)'H = T^p and = p{s~^)i'. □ 

Let a E A. Suppose that s is an element of S such that as~^ E X. From ([1]) it follows that 
such an element s always exists. Define 

(3) T^p{a)v ■= p(as"-^)p(s"^)"V5 V e "^p- 

Theorem 1. Let p be a bounded -torsionfree * -representation of the *-algebra X on a Hilbert 
space Ti. Then Hp is a well-defined closed * -representation of the *-algebra A with Frechet graph 
topology on the dense domain V{TTp) := Vp of the Hilbert space Ti. For s E S and G V{TTp) we 
have TTp{s)V{7!-p) = V{np) and 7!-p{s)ip = p{s^^)^^(p. The * -representation Hp of A is irreducible 
if and only if the * -representation p of X is irreducible. 

Proof. We first show that the operator 7!'p{a) is well-defined, that is, 7ip{a) ([3]) does not depend 
on the particular element s of iS satisfying as^^ E X. Let ? G 5 be another element such 
that a's~^ E X. By Lemma [1] there exists t E S such that st^^ E X and st~^ G X. Then 
at~^ = {as~^){st~^) E X. Let r denote s or J. Writing ip = p{t~^)4' with ip ETC, we compute 

p{ar'''^) p{r^^)^^ (p = p{ar^^)p{r^^)^^ p{t^^)il) = p{ar^^) p{r^^)^^ p{r^^rt^^)^ = 

(4) = p{ar'^)p{rt'^)^lj = p{ar'^rt'^)p{t'^Y^^lj = p{at'^)p{t'^y^(p, 

so p{as~^)p{s^^)^^(p = p{as''^)p{'s^^)^^(p. This shows that the operator 7rp(a) is well-defined. 

Since p{s~^)^^ip E Vp and p{as^^)p{s^^)^^ip E Vp by Lemma[5l(ii) and (iii), we have 7ip{a)ip E 
Vp, that is, Trp{a) maps the domain V{TTp) into itself. 

Suppose that a,h E A. We shall prove that 'Kp{a + b) = 7ip{a) -\-TTp{b) and 7Tp{ab) = n p{a)T[ p{b) . 

By (II]) there are elements Si,S2 E S such that as^^ E X and 6s^^ G X. By Lemma [1] we 
can find s E S such that G X and S2S~^ E X. Since then as^^ E X, hs~^ E X and 

(a -|- 6)s~^ G X, the relation 

p(as-i)p(s-i)-V + p(fo-i)p(s-i)-V = P((« + h)s-^)p{s'^Y^^, ip E Vp, 
says that T^p{a + 6) = vrp(a) + vrp(6). 

From dl]), there exist elements t\, t2, ts, t^ E S such that at^^, bt2^, abt^^ E X and tibt^^ E X. 
By Lemma [1] there is an element t E S such that tjt"^ E X for j = 1,2,3,4. Then we have 
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abt-^ = {abt^^){t3t~^) e X, tibt-^ = {tihtl^){t4'^) e X and fot"^ = (6t^^)(t2t~^) G X. Let 
ip E Vp. Inserting the corresponding definitions of TTpi^ab), 7rp(a) and 7rp(6) we derive 

Tip{ah)ip = p{abt~^)p{r^y^(p = p{at^^)p{tibr^)p{r^y^(p 
= p{at-,^)p{t-,^)-'p{t-,^)p{m-^)p{t-^)-^V = npia)pit^%bt-')pit-Y'^ 
= ■Kp{a)p{br^)p{r^Y^ip = ■np{a)-Kp{b)Lp. 

Finally, we verify that {TTp{a)ip,ip) = {ip,np{a'^)ip) for a G ^ and ip,ip E Vp. From ([1]) 
and Lemma [1] there are elements ti,t2 ^ S and t=t* E S such that at^^,a*t2^ E X and 
tit~^ ,t2t~^ E X. Since then at~^ E X and a*t^^ E X, using that p{t~^) is bounded self-adjoint 
operator we compute 

{7rp{a)if,^) = {p{at-')p{t-Y'v,^) = {p{t-'rV piiar'Tm 
= {p{t-')-'v,p{r'a*)p{t-')p{t-'r'^) = (p(t-i)-V,p(r'a*r')pr')-V) 
= {pit-Y'ip,pit-')pia*t-')pit-Y'^p) = (p(t-i)p(t-i)-V,vrp(a*)^) = 7rp(a*)^), 

where we used the fact that p{t^^)Vp = Vp according to Lemma [5]^iii). 

Clearly, 7rp(l)y9=<^ for ip E V^tt). Recall from Lemma [5]^i) that Vp is dense in Ti. Thus, we 
have shown that Hp is a *-representation of A on the dense domain Vp of the Hilbert space Ti. 

Let s E S. Because ss~"'^=l E X, we have 7ip{s)ip = p{s~^)~^ip for ip E Vp. Since p{s~^)Vp = 
Vp by Lemma O^iii), it follows that 7ip{s)V{TTp) = V{7Tp). 

To prove the assertion concerning the graph topology of vTp, we retain the notation from the 
proof of Lemma [S](i)- Since Hp{tn)ip = p(t~^)~^ip for ip E Vp and n E N, the graph seminorm 
I \TTpitn)ip\ I is just the norm | Iv^l |n- Let a E A. Applying once more ([1]) there is an element t E S 
such that at~^ E X. We can find a number n E N such that t E S^. Since then tt~^ E X, we 
have at~^ = {at~^)(tt~^) E X and hence 

IKiaM = \\piat-')piO-'ip\\ = \\piat-')npitM\ < llp(«in')ll \Mn- 

The preceding shows that the graph topology of vr^ is generated by the family of norms || ■ 
n E N. Hence it is the projective limit topology of the countable family of Hilbert spaces 
{En, II ■ ||„) on Eoo = HnEn = Vp. Therefore, the graph topology of Tip is metrizable and 
complete. The latter implies in particular that the representation vTp is closed. 

It remains to prove the assertion about the irreducibility. Recall that a ^-representation vTp is 
irreducible if and only and / are the only projections in the strong commutant T[p{A)'g (|Slj. 
8.3.5). Hence it suffices to show that T^p^Ay^ is equal to the commutant p(X)'. Suppose that 
T E Tip^Ay^. By definition T maps V^Tip) into itself and we have T'Kp{a)ip = Hp{a)Tip for all 
a E A and ip E V{np). Let x E Xq and ip E V{7Tp). Then x is of the form x = as~^ with a E A 
and s E S and ip := p{s'^)ip belongs to V{7ip) by Lemma [5]^ii) . Applying ([3]) twice we derive 

Tp{x)ip = T p{as~^) p{s~^)^^ ip = TTTp{a)ip = 7!'p{a)Tip = p{as^^) p{s^^)^^Tip 
= p{as^^)T{p{s)Tip = p{as^^)T7Tp{s)ip = p{x)T p{s^^)^^ip = p{x)Tip. 

Since V{np) is dense in H, Tp{x) = p{x)T. Because Xg generates the algebra X, T is in the 
commutant p(X)'. Conversely, if T is in p(X)', it follows at once from the definitions ([2]) of 
Vij^p) and ([3]) of VTp that T belongs to 7rp(^)g. □ 

Remark 1. The Mittag-Leffler lemma used in the proof of Lemma [5] even states that E^o = 
V{TTp) is dense in each Hilbert space [En, || ■ ||n) for n eN. This implies that V{TTp) is core for 
each operator p{s~^)~^ for s E S. 

Remark 2. A fundamental problem in unbounded representation theory of *-algebras is to 
select and to classify classes of "well-behaved" *-representations among the large variety of 
representations. An approach to this problem have been proposed in |SS] . Fraction algebras 
give another possibility by defining well-behaved ^-representations of the *-algebra A as those 
of the form vTp. Propositions [5] and [7] below support such a definition. 
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Example 2. Retain the notation of Example [T] and assume that p is torsionfree, that is, 
E((0,0)) = 0. Recall that x = ba'^ in the *-algebra AS^K For ^ e V{np) = n^^-^p{a")n we 
have '7ip{x)ip = p{b)p{a)~^{p and 

7ip{q{x))ip = J g(/iA"^) dE{X,p)ip, q G C[x]. 

4. Abstract Strict Positivstellensatze 

In addition to condition (O) we now essentially use the following assumption: 
{AB) The *-algebra X is algebraically bounded, that is, for each a; G X there is a positive number 
A such that A-1 — x*x G ^ X^. 

Note that condition (AB) implies that all ^-representations of X act by bounded operators. 

The three theorems in this section are abstract strict Positivstellensatze for the *-algebra A. 

Theorem 2. Suppose that conditions (O) and (AB) are satisfied. Let a G Ah- Suppose there 

is an element t E S such that t~^a{t*)~^ G X and the following assumptions are fulfilled: 

(i) For each irreducible -torsionsfree * -representation pofXona Hilbert space 'H{p) = Vi^p) 

there exists a bounded self-adjoint operator Tp > on Ti-lp) such that lipla) > Tp . 

(a) Ptorit~^a(t*)~^) > for each irreducible S'^ -torsion * -representation ptor of X. 

Then there exists an element s E So such that s*as E^A^. 

The following simple lemma is used in the proofs of Theorems [2] and HI 

Lemma 6. Suppose that b E A, r E S and x := r^^b{r*)^^ E X. Then for any S^^ -torsionfree 
* -representation p of X we have 

(5) {p{x)^,^) = (7r,(6)p((r*)-^)^,p((r*)-^)^), ^ G D(7r,). 

Proof. By our assumption (O) there are elements t E S and y E X such that rx = yt = b{r*)^^. 
If ip E V^TTp), then ip := p(t^^)^^Lp E T>{np) by Lemma [S](iii). Using these facts we compute 

{p{x)!f,if) = {p{r-^yt)p{t-^)ilj,if) = {p{r-^y)ilj,if) = {p{y)i) , p{{r*)-^)^) = 

{pibitrT')i^,piirT')v) = {Tip{b)p{{tT*)-')i,,p{{T*r')^) 
= {7rpib)pi{rT')pit-')i^,piirT')v) = W(6)p((r*)-i)^, p((r*)-i)y,) 
where the fifth equality follows from formula ([3]), because we have y = b{tr*)-^ EX. □ 
Proof of Theorem [2) 

Set y := t~^a{t*)~^. Our first aim is to show that y E Yl^"^- The proof of this assertion 
is based on a now standard separation argument which is has been first used in |S2j, see e.g. 
Sections 5.1 and 5.2 in [S5J for the noncommutative case. 

Assume to the contrary that y is not in ^ X^. Since X is algebraically bounded by assumption 
(AB), the unit element 1 of X is an algebraic inner point of the wedge ^ X^ of the real vector 
space Xh- Therefore, by Eidelheit's separation theorem (see e.g. [J], 0.2.4), there exists an 
R-linear functional F ^ on Xh such that F{y) < and F(^X^) > 0. There is no loss of 
generality to assume that F{1) = 1. By a standard application of the Krein-Milman theorem 
(see e.g. [J], 0.3.6 and 1.8.3) it follows that this functional F can be choosen to be extremal (that 
is, if G is another M-linear functional on Xh such that G{y) < 0, G{1) = 1 and F{x) > G{x) > 
for all X G ^ X^, then G = F). We extend F to a C-linear functional, denoted also by F, on X. 
Then F is an extremal state of the *-algebra X. Let pi? be the *-representation of X which is 
associated with F by the GNS-construction. Using once more that X is algebraically bounded, 
it follows that all operators Pf{x), x E X, are bounded, so we can assume that T>{pp) = H{pf)- 
Since the state F of X is extremal, pp is irreducible. Therefore, by the decomposition of pp 
discussed in Section 2, pp is either an iS~^-torsion or an iS~^-torsionfree *-representation. 

The crucial step of this proof is to show that pp{y) > 0. If pp is torsion, then we have 
Pi? (y) > by assumption (ii). Now we suppose that p := pp is torsionfree. Combining equation 



8 



KONRAD SCHMUDGEN 



([5]) in Lemma [6l applied with a = b, r = t, x = y, and the assumption 7rp(a) > Tp, we obtain 

(6) {p{y)^, ^) > MitT')^^, Pm-')y^) 

for {p G Vijip). Because p(y), Tp and p((t*)~^) are bounded operators and V^TTp) is dense in 
7i(p) by Lemma [5l it follows that equation ([6]) holds for arbitrary vectors ip G 'H{p). Since 
Tp > and ker p((t*)~^) = {0} because p = pp is torsionfree, IQ implies that priv) > 0. 

Thus we have priv) > as just shown and F{y) < by construction. Since F ^ 0, this is 
the desired contraction. Therefore, y G X^X^. 

We write ?/ as a finite sum y*yi with yi G X. From the Ore property of the set Sq it follows 
that for all elements yit* G ASq^ there is a common right denominator, that is, there exist 
elements s E Sq and ai E A such that y^t* = ajS~^ for all i. Then ?/ = t~^a{t*)~^ = J^iViVi 
implies that a = ^j(s*)~^a*aiS~^ and so s*as = G "^A"^. □ 

Assuming the stronger condition {I A) instead of (O) we have the following stronger result. 

Theorem 3. Asumme that conditions {I A) and [AB) are satisfied. Let a G Ah- Suppose there 

is an element t G 5 such that t~^a{t*)^^ G X and the following assumptions are fulfilled: 

(i) For each irreducible - torsionfree ^-representation p of X on a Hilbert space 'H{p) = 'F>{p) 

there exists a bounded self-adjoint operator Tp > on Ti.{p) such that 7Tp{a) > Tp . 

(a) ps{t~^a{t*)~^) > for each irreducible * -representation ps of the *-algebra X^ and s G Sq- 

Then there exists an element s E Sq such that s*as G "^A"^. 

Proof. Since condition {I A) holds by assumption, (O) is satisfied by Lemma [3] and each torsion 
♦-representation ptor is a direct sum of representations ps of X such that ps{s~^) = for s G 5g 
by Lemma HI Therefore, assumption (ii) above implies assumption (ii) of Theorem [21 so the 
assertion follows from Theorem [2l □ 

Remark 3. Let a be an element of A satisfiying assumption (i) of Theorems [2] or [31 By 
there exists t E S such that t~^a(t*)~^ G X. Moreover, if t~^a(t*)~^ G X and s G Sq, then 
{st)~^a{{st)*)~^ G J^s and so ps((st)^^a((st)*)^^) = for any *-representation ps of Xg. Hence 
it is crucial in both theorems to find an element t for which assumption (ii) holds as well. 

Remark 4. Let us consider the trivial case when S = {!}. Then we have A = X and (O) 
trivially holds. Hence Theorem [21 gives the following asssertion (see e.g. [S5j, Proposition 15) 
for an algebraically bounded *-algebra X: Let a G X/j. If for each irreducible * -representation p 
of X there is a positive number e such that p{a) > e, then a G ^ X^. 

The next theorem works only with representations TCp of A. It can be considered as a 
non-commutative version of M. Marshall's extension of the Archimedean Positivstellensatz to 
noncompact semi-algebraic sets [M2|. 

Theorem 4. Assume that (O) and {AB) hold. Let a G Ah and t E S be such that y := 
t~^a{t*)^^ G X. Then we have: 

(i) If TTp{a) > for all irreducible -torsionfree * -representations p of X, then for each e > 
there exists G Sq such that s*(a + ett*)ss eJ^A"^. 

(ii) If for any e > there is an element E S such that Ss{a-\- ett*)s* e'^A^, then tt p{a) > 
for all S^^ -torsionfree * -representations p of X. 

Proof, (i): Suppose that e > 0. Since 7rp(a) > , we conclude from equation (Q, applied 
with b = a, r = t, that p{y) > on T>{7ip) and by the density of Vijip) on Tii^p). Thus 
y -\- e satisfies the assumption of the Positivstellensatz in Remark [H Therefore, y + e E X^, 
that is, y -\- e = y*yi where yi E X. Proceeding as in the last paragraph of the proof of 
Theorem [2l there exist elements E Sq and ai E A such that y^t* = a^s"^ for all i and we get 
Set{y + e){ssty = s*{a + ett*)ss = Y.i<cii ^ E-^^- 

(ii): Assume that E S and c := Setiy + e){set)* = Se(a + ett*)sl E X] A^. Therefore, since 
TTp is *-representation of A, 7rp(c) > 0. Equation (jSl), applied with 6 = c, r = s^t, x = y + 
yields that piy + e) > on T>{7ip) and so on H{p). Since e > was arbitrary, we have p{y) > 0. 
Combining the latter with identity i^, now applied with b = a, r = s^, x = y, it follows that 
7ip{a) > 0. □ 
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5. Multi-Graded *-Algebras 

In this section we assume that the *-algebra A has a multi-degree map d : ^\ {0} — > Nq 
satisfying the following conditions for arbitrary non-zero a,b & A and A G C : 
(dl) d{Xa) = d{a) and d{a + b) < d{a) V d{h), 
{d2) d{ab) = d{a) + d{b), 
{d3) d{a*) = d{a), 

where a -|- 6 7^ in (dl) and we use the following notations for multi-indices n=(ni, . . . , Uk), 
m={mi, . . . , rrik) E : n\/ m = (max(mi, ni), . . . , max{mk, n-k)), 
n < m if ni < mi, . . . , < mk, n < m if ni < mi, . . . , < m^. 

We extend the map d to a multi-degree map d of ASq^ to Z*^ by putting d{as~^) = d{a) — d{s) 
for a E A\ {0} and s e ^o- It is straightforward to check that d is well-defined and that 
conditions {dl)-{d3) hold for the algebra ASq^ as well. 

Further, we suppose that the following conditions are valid: 

{A3) d{[a, s]) < d{a) for all s E Sq and a e Ac- 

(A4) as~^ e X for all s E Sq and a E A such that d{a) < d{s). 

{A5) For a E A and n.t E such that d{a) < n + t there exist finitely many elements 
bi,Ci E A satisfying d{bi) < xi, d{ci) < t for all i and a — ftjCj. 

Lemma 7. (i) d{[a, s]) < d{a) for s E Sq and a E A. 

(ii) s~^at~^ E X for s,t E S and a E A such that d{a) < d{st). 

{Hi) a(ts)~^b E X for s,t E Sq and a,b E A such that d{ab) < d{ts), d{s)=d{t) and d{a) < d{s). 
{iv) If S = So, then as~^b E X for s E S and a,b E A such that d{ab) < d{s). 

Proof (i): Let B denote the set of all a e ^ for which the assertion of (i) is true. By conditions 
(dl) and {d3), i3 is a *-invariant linear subspace of A. Suppose that 61,62 E B and s E Sq- 
Using conditions (dl) and {d2) and the fact that d{[bi, s]) < d{bi), Z = 1, 2, we obtain 

d{[bib2,s])=d{b^[b2,s] + [bi,s]b2) < {d{bi)+d{[b2,s])y{d{[b^,s])+d{b2)) < d{bi)+d{b2) = d{bib2), 

SO ;B is a *-algebra. Since it contains all generators of A by assumption (^3), we have B = A. 

(ii) : We first treat the case s = 1. Suppose that the assertion is valid for some t E S and 
all a E A. By induction it suffices to show that it holds then for the element tsj of S, where 
Sj E Sg- Let a be an element of A such that d{a) < d{tSj). By assumption {A5) we can assume 
without loss of generality that a = be, where d{b) < d(sj) and d(c) < d{t). Note that 6sJ^ E X 
by (A4). Since d{c) < d{t), we have d{[c,Sj]) < d{t) < d{tsj) by (i) and hence [c, Sj]{tSj)~^ E X 
and ct~^ by the induction hypothesis. Therefore, it follows from the identity 

bc{tSj)-^ = bsj^ict-^ - [c, Sj]{tSj)-^) 

that bcitsj)^^ E X. This completes the proof of (ii) in the case s = L 

Suppose now that d{a) < d{st). Again by {A5) we can asumme that a = be, where d{b) < 
d{s) and d{c) < d{t). Then d{b*) < d{s*) by {d3). By the preceding paragraph we have 
s-^b = {b*{s*)-^)* E X and ct'^ E X, so that s^^ar^ = s'^bct'^ E X. 

(iii) : It suffices to check that all three summands on the right hand side of the identity 

a{ts)-^b = s-^abt-^ + {s-^a){t-^[b, tjt'^) + {s-^[a, s]){ts)-^b 

belong to X. Indeed, the first one is in X by (ii). Since d{[a, s]) < d{a) by (i) and d{a) < d{s) 
by assumption, the elements s~^a and s~^[a, s] are in X by (ii). Since d[b,t]) < d{b) < dit^) = 
2d{t) = d{ts)) by (i) and by the assumption d{s) = d{t), we have t~^[b, t]t~^ E X and {ts)~^b E X 
once again by (ii). Hence the second and the third summands are also in X. 

(iv) : By the assumption S — So, there exist elements t E S and c E A such that s~^b — 
ct~^. Since then —d{s)+d{b) — d{c)—d{t), we have d{ac) — d{a)-\-d{c) < d{t) and hence 
as~^b — act~^ e X by (ii). □ 

Lemma 8. Let p he a * -representation of a *-algebra B and b E B. If p{{b*b)'^) — for some 
m eN, then p{b) = 0. 
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Proof. Upon multiplying by some appropriate power {b*b)^ we can assume that m = 2" for 
some n G Nq. If m = 1, then ||p(6)(y9|p = {p{b*b)ip,ip) = for e ^^(p) and hence p{b) = 0. 
By induction the same reasoning shows that the assertion holds for all numbers m of the form 
m = 2"', where n G Nq. □ 

Lemma 9. Let c E A, s E Sq and m G N. Suppose that d{c) < {2m—l){d{s)—d{c)). Then 
we have {{cs^^)* {cs~^))"^ G Xs~^ and psi^cs"^) = for each * -representation ps of the quotient 
*-algebra Xg = Xj J^- 

Proof. First note that cs^^ G X by Lemma [Tl^ii) , since d{c) < d{s) by assumption. 

We define a sequence of multi-indices nj = {nji, . . . , , ujk), j=l, . . ., m. If m=l, put n = 2d{c). 
Now let m > 2. Fix I G {l,...,k}. If d{s)i > 2d{c)i, we set Uji = 2d{c)i for j=l,...,m. 
Suppose that d{s)i < 2s{c)i. Then there exists a number m; G {2, . . . , m} such that 

(7) {2mi - 3){d{s)i - d{c)i) < d{c)i < {2mi - l){d{s)i - d{c)i) 
Define uu = d{s)i, Uji = 2d{c)i ii mi < j < m and 

n,i = 2{j - l){d{s)i-d{c)i) + d{s)i if 2<j< mi~l. 
Using the preceding definitions we verify that 

(8) d{c) < xij < 2d{c) for j = 1, . . . , m, 

(9) 2d{c)-nj^i + % < 2d{s) for j = 2, . . . , m. 

Indeed, for j=l, we have d{c)i < un = d{s)i < 2d{c)i. If 2 < j < m/— 1, using the first 
inequality of we derive 

n,i < 2{mi-2){d{s)i - d{c)i) + d{s)i = {2mi-3){d{s)i - d{c)i) + d{c)i < 2d{c)i 

and from the definition of riji we obtain 

nji > n2i = 2{d{s)i - d{c)i) + d{s)i > d{c)i. 

This proves ([H]). If 2 < j < m; — 1, we have 2d{c)i — nj-i^i-\-nji = 2d{s)i by the above definitions. 
If j = mi, then the corresponding definitions and the second inequality of ([7]) yield 

2d{c)i - nj_i,/ + = 2d{c)i - 2{mi-2){d{s)i - d{c)i) - d{s)i + 2d{c)i 
= d{c)i - {2mi-l){d{s)i - d{c)i) + 2d{s)i < 2d{s)i 

which proves ([9]). 

Now we write the element {{cs"^)* {cs^^))"^ of X in the form 

(10) {{cs-y{cs-^)Y' = t-^A^{ts)-^A2{ts)-^ ■ ■ ■ A^s-\ 

where t := s* and Ai = ■ ■ ■ = A^ ■= c*c. Note that d{s) = d{t) and d{Aj) = 2d{c) < d{ts). 

If m=l, then d{Ai) = 2d{c) < d{s)=d{t) and hence t~^Ai G X by Lemma [7](ii). 

Now suppose that m > 2. For j=l, . . . ,m—l, set tj := 2d{c)—nj. By the second inequality 
of ([8]), we have ij G Nq. By definition, Uj + = 2d{c) = d{Aj). Therefore, by condition 
{A5) we can write the element Aj of ^ as a finite sum Aj = J^i^ji^ji '^^ elements bji,Cji G A 
such that d{bji) < Uj and d{cji) < tj. Since ni=d(t) by definition, t'^bu G X by Lemma [Tl^ii). 
If j=2, . . . ,m— 1, then we have + xij = 2d{c) — nj_i + xij < 2d{s) = d{ts) by (Q and 
tj = 2d{c) — xij < d{c) < d{s) by the first inequality of Therefore, Lemma [7](iii) applies 
and yields that Cj_i^j(ts)~^6j^j/ G X. Finally, we have (ts)~^Am G X, since rim = 2d{c)=d{Ajn) 
by construction. 

In the preceding two paragraphs we have shown that t^^ Ai{ts)^^ A2{ts)^^ ■ ■ ■ Am G X. There- 
fore, by ([TO]) the element {{cs-^)* {cs-^))"" belongs to Xs'^ C J„ so that ps{{{cs'^y{cs-^))"') = 
0. The second assertion follows from Lemma [8] applied to 6 = cs~^. □ 

Remark 5. The preceding proof shows that the assertion of Lemma M is valid for s E S 
(rather than s E Sq) provided that a{s*s)"^b E X for all a,c E A satisfying d{a) < d{s) and 
d{ab) < 2d{s). 
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The next three propositions contains results about elements which are annihilated by the 
representations ps of the quotient *-algebras X^. 

Proposition 1. Let s,t G Sg and a E A be such that d{a)<d{st) . Then ps{s~^at~^) = 
Ps{t^^as^^) = for any * -representation ps of the *-algebra Xs = XjJs- 

Proof. The assumption d{a) < d{st) implies that d{a)i < d{s)i + d{t)i for / = 1, . . . , /c. We 
choose n, t G Nq such that ui + ki = ai, ui < d{t)i and ki < d{s)i for 1=1,..., k. Since 
d{a) = n + 6, by condition {A5) we can write a = Yli^i^i^ where hi,Ci G A, d(hi) < n and 
d{ci) < 6. Since d{ci)i < h < d{s)i, there is a number m G N such m{d{s)—d{ci)) > d{ci) for 
all i. Then we have t~^bi,CiS~^ G X by Lemma [Tl^ii) and Ps{ciS~^) = by Lemma so that 
Ps{t-'as-') = E,Ps{t-\)Ps{ciS-^) = 0. □ 

Proposition 2. Suppose that S = Sq- Let s=Si . . . Sp E S and t=Sp+i . . . Sp^g G S, where si G 
Sg for 1=1, . . . ,p + q. If a E A and d{a) < d{st), then we have psX^'^at^^) = ps^{t~^as~^) = 
for each * -representation ps^ of the *-algebra = X/J'g^, 1=1, . . . ,p+q. 

Proof. Let us carry out the proof of Ps^{t^^as^^) = for 1=1, ... ,p. The other assertions 
are derived in a similar manner. We argue as in the preceding proof of Proposition [T] and 
retain the notation used therein. Since S = Sq, it follows from Lemma [7](iv) and Remark 
that the assertion of Lemma [3 is vahd for s and Cj, that is, we have ((cjS~^)*(cjS~^))™ G 
Xs^^ C jT's,. Hence Ps,(cjS~^) = by Lemma [H] which in turn implies that ps^{t~^as~^) = 

For the next proposition we need one more notation. Let s G 5, r G Sg and a E A. We 
say that r is a factor of s if there are elements si, . . . ,Sp G Sg and i G {1, . . . ,p} such that 
s = Si . . . Sp and r = Sj. We shall write a s if r is a factor of s and there are multi-indices 
r, n G Nq such that d{a) = r + n, r < d{r) and n < d{s)—d{r). 

Proposition 3. Suppose that S = So- Let s,t E S, r E Sg and a E A. Assume that r 
is a factor of s or a factor oft. If a <r st, then pr{s~^at~^) = prit^^as^^) = for each 
* -representation p^ of X^ = XjJr- 

Proof. The proof follows by some modifications in the proofs of Lemma [9] and Proposition [H 
We explain this for the proof of pr{tr^as~^^ = and in the case where r is a factor of s, say 
s = S\ . . . Sp and r = s,. 

First we modify the proof of Lemma O Let c be an element of A such that c <r s. We write 
d[c) = r + n with r < (i(r) and n < d{s)—d{r). Since r < d{r), there exists an m G N such that 
r < (2m — l){d{r)—x). We construct a sequence of multi-indices rij as in the proof of Lemma 
[9] with d{c) replaced by r and d{s) replaced by d{r) therein. Then equations ([8]) and ([9]) yield 
rij < 2r and 2r — nj_i -I- xij < 2d{r). Put := 2x — xxj. We now decompose Aj = c*c as a finite 
sum Aj = J^i^ji'^ji with d{bji) < xij + d{c)—d{r) and d{cji) < tj -\- d{c)—d{r). Then we obtain 

d{cj^i^ibji>) < tj^i + Xij + 2d{c) - 2d{r) = 2x - n^-^i + n^- + 2d{c) - 2d{r) < 2d{c) < d{st). 

Since we assumed that S = So, Lemma [7](iv) applies and yields that Cj-i^i{ts)^^bji/ EX. In a 
similar manner we obtain that t^^bu E X. Recall that Um = 2x and 6rrt = by construction. 
Therefore we have d{cmi) < d{c)—d{r) and so d{rcmi) < d{c) < d{s). Employing again Lemma 
Wlyi'v) we get rCmiS~^ E X and so CmiS~^ = r~^{rCmiS~^) E Jr. Combining the latter with (fTOl) 
it follows that ((cs~^)*(cs^^))™ G Jr- Hence we obtain pr{cs~^) = by Lemma [SI 

Since a <r d{st), as in the proof of Proposition [T] we decompose d{a) = n + t, where n < d{t), 
X < t < d{s), and x < d{r). By (A6) we can write and a = ^ hci with d{bi) < n and d{ci) < 6. 
Since r is a factor of s, we have q <r s and hence Pr{cis~^) = as shown in the preceding 
paragraph. Because of t~^bi G X by Lemma [7](ii), we conclude that pr{t~^as~^) = 0. □ 

6. Application: A Strict Positivstellensatz for the Weyl Algebra 

Throughout this section A denotes the Weyl algebra that is, A is the unital *-algebra 

with hermitian generators p and q and defining relation 

(11) pq — qp = —il. 
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It is well-known that this commutation relation is satisfied by the self-adjoint operators 

{Po^){t) = -iv\t) and (Qo^)(t) = ti^it), t e M, 

on the Hilbert space L^(M). The pair {Pq, Qq) is called Schro dinger pair and the corresponding 
*-representation ttq of the *-algebra A is the Schrddinger representation. That is, 

(7ro(p)<^)(t) = -V(^) and (7ro(g)<^)(t) = t<^{t) for ^ e V{no)=SiR) C n{no)=L'^{R). 

We fix two non-zero reals a and j3 and put 

<Sg = {si = p - ai, S2 = q- pi}, SG = SgU S*, Xq = S(j^, Ac = {p, q}- 

From the relation ( fTTI) it follows immediately that the *-monoid S generated by Sq is an Ore 
set, that is, we can assume that S=So- The unital *-subalgebra X of ASq^ is generated by 
X := and y := ^- From ( ITTi) we easily derive the following relations in the *-algebra X: 

(12) X — X* = 2ia x*x, y — y* = 2i/5 y*y, 

(13) XX* = x*x, yy* = y*y, 

(14) xy — yx = —ixy'^x = —iyx'^y, xy* — y*x = —ix{y*Yx = —iy*x^y*. 

Lemma 10. With the preceding definitions, conditions (O), {I A) and (AB) are fulfilled. 
Proof. Let us prove {AB). Using relations (|T2l) it follows that 

(15) 1 - a'^x*x = (1 + iaxYil + iax) and 1 - (3^y*y = (1 + f3iy)*{l + (3iy) 

are in ^ X^, so conclude that X = Xf,. This means that X is algebraically bounded, so (AB) is 
satisfied. 

Condition {I A) is easily derived from relations (fT2l) - f|T4|) and condition (O) follows from {I A) 
according to Lemma [HI □ 

Lemma 11. Let 7 G M and let z be a bounded normal operator on a Hilbert Ti such that 
z — z* = 2'yiz*z and ker z = {0}. Then A := z~^ + i'yl is a self-adjoint operator on Ti. 

Proof. First we note that ker z* = {0}, because z is normal. Since z* = z{I — 2'~fiz*) and z = 
z*{I+2-fiz), weheiYeV{{z*)-'^)=z*n=zn=V{z'^). Further, from the identity z* = z{I-2-fiz*) 
we get z~^z* = I — 2ijz* on H. For ip = z*ip G V{{z*)~^) we obtain z~^{p = z~'^z*ip = 
ip - 2i-fz*ij = (;z*)"V - 2i7<^, that is, z~^ D {z*)~^ - 2-fiL Because V{{z*)-^) = V{z-^) as 
noticed above, it follows that z~^ = {z*)^^ — 2i'yL Using the latter identity we derive 

A = z-^+ i-fl = (z*)-^ - i-fl = {z-^y - i-fl = {z-^ + iaiy = A*. □ 

The assertion of the next proposition describes Schrodinger pairs in terms of resolvents. A 
slightly different characterization of this kind has been first obtained in |B]. 

Proposition 4. Suppose that x and y are closed linear operators on a Hilbert space Ti with 
trivial kernels (that is, ker x = ker y = {0}) satisfying equations / l7^) -p^. Then 

(16) P = x-^ + iai and Q = y-^ + pil 

are self-adjoint operators on Ti and the pair (P, Q) is unitarily equivalent to a direct sum of 
Schrddinger pairs (PqjQo) on L^(]R). 

Proof. The self-adjointness of operators P and Q follows from Lemma [TTl 

From the first equations of (IT^ we conclude that xyTi = yxTi. Let us denote this vector 

space by V. Since V{P)=xn and V{Q)=yn by ([T6D, we have V C V{PQ) n V{QP). 

We show that PQ^ — QPip = —iip for ip Indeed, ii ip = yxip, then by the first equations 

of (fT^ we derive 

PQip - QPif = {P- ta){Q - if3)ip - {Q - il3){P - la)^ 

= (P — ia){Q — il3)yxil) — {Q — iP){P — ia)xy{I + iyx)ip 
= Tp — {I + iyx)ip = iip. 
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Moreover, from the definitions f|T6l) we obtain (P — ia){Q — il3)'D = (P — ia){Q — i(3)yxl-L = H 
and (g - if3){P - ia)V = {Q - i(3){P - ia)xy'H = H. 

By the preceding we have shown that P and Q satisfy the assumptions of a theorem by T. 
Kato [K2j . The assertion of this theorem states that 

for nonnegative reals A and fi. That f[T7l) holds for nonnegative reals obviously implies that f[T7l) 
is fulfilled for arbitrary reals A and fi. Thus, P and Q are self-adjoint operators satisfying the 
Weyl relation. By the Stone-von Neumann uniqueness theorem (see e.g. [Pu] , Theorem 4.3.1), 
the pair (P, Q) is is unitarily equivalent to a direct sum of Schrodinger pairs (Pq, Qq). □ 

Proposition 5. Suppose p is an S^^ -torsionfree ^-representation of the *-algebra X. Then the 
* -representation Tip of A is unitarily equivalent to a direct sum of Schrodinger representations. 

Proof. Since the *-algebra X is algebraically bounded by Lemma [TOl all operators of p(X) are 
bounded. The operators p{x) and p{y) satisfy the relations f|T2|) - f|T^ and have trivial kernels 
because p is torsionfree. Therefore, by Proposition H] the pair (P, Q) defined by f|T6|) (with x and 
y replaced by p{x) and p{y), respectively) is unitarily equivalent to a direct sum of Schrodinger 
pairs. The map p Hp according to Theorem [1] respects unitary equivalences and direct sums, 
so it suffices to prove the assertion in the case when P = Pq and Q = Qq on the Hilbert space 
L^(M). By the domain Vp = T^ijip) is the intersection of ranges of all finite products of 
operators (P — ai)~^ = p{x) = p{s^^), {Q — = p{y) = p(s^^) and their adjoints. Hence 

Dp = V^TTp) is the Schwartz space S(M.) and for ip G Vijip) we have 

TXp{p — ai)ip = 7rp{si)Lp = p{si^)^^(p = p{x)^^Lp = (P — ai)Lp = ~iip' — aiy?, 

so iTp{p)(p = —iip'. Similarly, TTp{q)ip = tip. That is, vTp is the Schrodinger representation. □ 

Now let c be an arbitrary nonzero element of the Weyl algebra A. Because {p^q'^; k,n ^ Nq} 
and {q^p^; k,n G Nq} are vector space bases of A, we can write c as 

(18) c=f2f2ljiP'q' = E/n(p)g" = f29k{q)p', 

j=0 1=0 n=0 k=0 

where 7j/ are complex numbers and fn{p) ^ gk{q) G C[q] are polynomials all of them 

uniquely determined by c. We choose di and d2 such that there are numbers JqJo ^ No for 
which jdi^io ^iid 7jo,d2 0- Set d{c) = (^1,^2). It is easily checked that d defines a multi- 
degree on A satifying conditions {dl)-{d3) and {A3)-{A5). Note that fd2 7^ and ga^ 7^ 0. 

Theorem 5. Let c = c* be a nonzero element of the Weyl algebra A with multi-degree d{c) = 
(2mi, 27712), where mi,m2 G Nq. Suppose that: 

(I) There exists a bounded self-adjoint operator T > on L^(R) such that itq{c) > T. 

(II) 72mi,2m2 7^ and both polynomials /2m2 ^'^'^ 5'2mi cltc positive on the real line. 
Then there exists an element s & S such that s*cs G ^ 

Proof. Recall that S = So and all results from Sections 4 and 5 apply, because the corresponding 
assumptions are fulfilled. Set t := s^^s™\ Since d{c) = (2mi,2m2) = (i(t^), it follows from 
Lemma ID^ii) that z := t-^c{t*)-^ = x'^^y'^^c{y*)'^^{x*)'^^ is in X. 

The assertion will follow from Theorem [3] once assumptions (i) and (ii) therein are established. 
Assumption (i) is a consequence of assumption (I), since the only irreducible *-representations 
TTp is the Schrodinger representation ttq by Proposition O 

We prove that p^i {z) > for each *-representation p^^ of X^^. (By TheoremOwe could assume 
that ps is irreducible, but this does not simplify our reasoning.) If < 2mi, then d{gk{q)p^)i < 
2mi, so that gk{,q)v^ <si t*i and hence Psi(t^^gk{<l)p''{t*)^^) = by Proposition [3J Likewise, 

d{p"''g2mMP""'-92mMP^"'')l < 2^1 and so PsAt'KP""'92mMP""'~92mMP^""')itT^) = 

again by Proposition [3l Therefore, by f|T8l) we have 

(19) psAz) = PsA^"''y"''p"''92mAq)p"''iyT'i^T')- 
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Since xy = yx{l-ixy) by ([H]), x"''y"'^ - y'^^x'^^ and (y*)"^^ (x*)""^) - (x*)""^ (y*)"^^ are linear 
combinations of terms r~^, where r G 5 and d{r) > (mi, 7712)- Hence from Proposition [3] we get 

(20) PsAx"''y"''p'^'92mAQ)p'^'iy*rH^*r' - y'^'x^-p^^g2rrMp'^'i^T'iyT') = o. 

From the relation xp = 1+aix it follows that x^^p"^^ — 1 and p™i(a;*)™'i — 1 are linear combi- 
nations of x^ = s^"', where 1 < j < mi. Therefore, we have 

(21) p,^{z) = ps,{y^-x'-^p^^g2^M)p^'{^*r'{y*r' - y"^' g2^mA<iWr') = o 

by Proposition [3l (All facts derived above from Proposition [3] can be also verified directly by 
using the commutation rules between p, q, x, and y.) Combining equations f|T9|) - fl2T|) we obtain 
Ps-,{z) = PsA{yy*)'^^92rm{q))- Let us write the polynomial g2ra2 as g2mM) = Ya=o Clearly, 
72m2 = 72mi,2m2- Sluce q = y'^ + pi by the definition of y = s^^ and y* = y{l - 2piy*) by ([12]), 

2m2 

(22) PsAz) = PsAiyyT'92rrM) = (I -2p^psM*^J2^liI + P^PsAy)ypsAyY"''~' 

1=0 

is a polynomial, say h{ps^ (z/))? of the normal operator ps^ (y) and its adjoint. Hence the spectrum 
of Psi{z) is the set of numbers h{y), where y is in the spectrum of Psi{y)- Since y — y* = 2(3iy*y 
by f|T2|) . y belongs to the circle y — y = Piyy of the complex plane. If y = 0, then /i(0) = 
72m2 = 72mi,2m2 > by assumptiou (II). If y is a nonzero number of this circle, then y is of the 
form (q — pi)'^ with q G M. Inserting this into (1221) . we compute h{y) = (yy)'"^g2mi(q)- Since 
5'2mi(q) > by assumption (II), we get h(y) > 0. Thus we have shown that the spectrum of 
the normal operator Ps^iz) is contained in (0, +oo), so that Psi{z) > 0. 

A similar reasoning using the positivity of /2m,2 instead of that of g2mi yields Ps2{z) > 0. 
Hence assumption (ii) of Theorem [3] is satisfied. □ 

7. A Resolvent Approach to Integrable Representations of the Enveloping 

Algebra of the ax + 6- Group 

Throughout this and the next section we denote by G the affine group of the line, that is, 
G = {{e^,S);-f,6 G M} with multiplication rule (e^S 5i)(e], ^2) = {e'^'+^\ e^' 62 + Si) and by g 
the Lie algebra of the Lie group G. Recall that g has a vector space basis {a, b} satisfying the 
commutation relation [a, b] = b. The exponential map exp of g into G is given by exp 7a = 
{e^,0) and exp 7b = (1,7), where 7 G M. 

We need a few notions on Lie group representations (see e.g. [SI], Chapter 10, or [Wj . 
Chapter 4, for more details). By a unitary representation of G we mean a strongly continuous 
homomorphism U of G into the unitary group of a Hilbert space Ti.{U) and by dU we denote 
the associated *-representation of the enveloping algebra S{g) of the Lie algebra g on the dense 
vector space P°°(f/) of C°°- vectors of U. If c G g, then dU{c) denotes the infinitesimal generator 
of the unitary group [/(e'^'^), that is, e'''^^*^'^^ = U{e'^'^) , 7 G M, and we have dU{c)ip = dU{c)(p 
for (fi G V°°{U). Note that the operator idU{c) is self-adjoint. 

The next proposition and its subsequent theorem characterize integrable representations of 
the Lie algebra g in terms of resolvents of the two generators. 

Proposition 6. Suppose that U is a unitary reresentation of G. Let a and (3 he real numbers 
such that \a\ > 1, (3 ^ and set xq = {A — ai)^^ , xi = {A — (a+l)z)~"'^ and y = {B — [3i)~^ , 
where A := idU{a) and B := idU{h). Then we have the relations 

(23) xq — Xq = 2ai XqXq = 2ai xqXq, y — y* = 2[3i y*y = 2pi yy*, 

(24) xq — Xi = —ixiXo = —ixoXi, 

(25) xoy - yxi = -(SyxiX^y. 

Proof. Equations (1231) and (1241) follow easily from the definitions of Xq, Xi and y. 

We prove the commutation relation fl25|) . From the relation e~'''^e~^^"'^ = e~^^e~'^^ in the 
group G it follows that 

(26) ^i^A^i&e^B ^ ^iSB^i^A ^ £ 
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Multiplying (126|) by e'^'^ and integrating on [0, +oo) by using the preceding formula we get 

(27) e'^^ieW - Pi^' = {B ~ pi^'e'^^ for 7 e M. 

Applying the involution to fl27|) and multiplying then by e^'^ it follows that formula fl271) holds in 
the case /3 > as well. We now apply both sides of fl27j) to a vector ip G T>{A) and differentiate 
at 7 = 0. Then we obtain 

(28) iA{B - /3z)~V - B{B - Pi)-^^ = {B - PiyHA^. 

Since y = {B — Pi)~', the latter yields {A — ai)y(p — Py'^ip = y{A — {a+l)i)ip. li ip & H, then 
if := Xiip G T>{A) and so {A — aijyxiip — Py'^xiip = yip. Multiplying by xo from the left we 
derive 

(29) xoy - yxi = -Pxoy'^xi, 

so that Xoy = (/ — Pxoy)yxi. From the definitions of Xq and y it follows immediately that 
||/5a;ol/|| < < 1- Therefore, we have (/ — Pxoy)~' = Yl'^=o (^"'i^ov)"' and hence 

00 

yx^ = (J - Pxoyr'xoy = ^^(xoi/)"^^ 

n=0 

The latter implies that {xQy)yxi = yxi{xoy). Inserting this into fl29l) we obtain fl25|) . □ 

Theorem 6. Let a, /? G M, a < — 1 and P ^ 0. Suppose that xq, Xi and y are bounded linear 
operators on a Hilbert space Ti satifying the equations ^i2^-^2^. Assume that ker xo = ker y = 
{0} and define 

(30) A := Xq' + ail and B := y^' + pH. 

Then A and B are self-adjoint operators on Ti and there exists a unitary representation U of 
the group G onTi such that idU{a) = A and idU{b) = B. 

Proof. The basic pattern of the proof is similar to that of Kato's theorem |K2] . but the technical 
details are more complicated. The self-adjointness of A and B follows from Lemma [TTl 
First we prove by induction on n G N that 

(31) x^y = + /5z y(x^ - a;^)y. 

If n=l, then fl^ holds by combining fl2^ and the first equality of (^^. Suppose that fl^ is 
valid for n G N. Note that XqXi — XiXq by (^^. Using first the induction hypothesis, then 
equation (I3T!) in the case n=l and finally once more the induction hypothesis, we compute 

Xo^'y = xoiyxl: + pi ?/(x^ - x];)y) = {yxi + Pi y{xi - xo)y){x'^ + pi {x^ - x'^)y) 

= yx'l^' + Pi y{xi-XQ)yx1 + Pi yxi(x" - xl)y - /5^y(xi-xo)(x" - xl)y 

= yx^-^' + Pi y{xi-XQ){x'^y - pi y{x1 - xl)y) + Pi yxi{x1 - xl)y - P'^y{xi-XQ){x1 - xl)y 

= yxl+' + Pi y{{x,-x^)xl + x,{xl - x^,))y = yx^^' + Pi y{xl+' - xl+')y, 

which completes the induction proof of equation fl3T|) . 

Let J^i denote the set of all complex A for which A and A + z are not real and the identity 

(32) {A + i- Xy-y = yiA - A)-" + Pi y^A - A)-" -{A + t- X)--)y 

holds for all n G N. Suppose that Aq G JF^. Fix A; G N. Let A be a complex number such that 
\X-Xo\{\\{A-Xoy'\\ + \\{A + i-Xo)~'\\) < I. We multiply equation ([32]) by (^ij) (A - Ao)"-'= 
and sum over n = k, k+1, .... Using the identities 



{A - xr' = E _ J) (A - >^or'{A - XoY 

n=k ^ ^ 
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n=k ^ 

we conclude that fl52]) is satisfied for A and k. Therefore, X E which proves that J^i is open. 
Recall that {A — ai)^^ = xq by fl5Ul) . Combining this fact with we derive 

(A — ai — i)xi = {A — ai)xQ{I + ixi) — ixi = I 

and similarly xi{A — ai — i) = I, so that {A — ai — = Xi. Inserting these formulas for xq 
and xi into (I3T]) we obtain equation (!32l) for A = i + ai. That is, i + G JFi. Because jFi is 
open as just shown, the connected component of i + ai in the complement of M U (M + i) is 
contained in J-'i. Since a < — 1 by assumption, (!32l) holds for all A of the lower half-plane. 
Multiplying (15^ by (—A)" and setting A = —n^'^i with 7 > and n G N, we obtain 

(33) {I~-in-H{A + «))-"?/ = y{I--in-^\A)-'' + /3z ?/((/-7n-^zA)-"-(/-7n-^z(A + 2))"")?/ 

We now need the following fact (see e.g. [HPh] . p. 362 or |K1] . p. 479): If C is the 
infinitesimal generator of a contraction semigroup {e"^*"; 7 > 0}, then we have 

(34) e^"" = s-lim™(/ - 7^"'^^)^"- 

Applying this formula to the generators iA and i{A + i) of contraction semigroups, it follows 
from ([33]) that 

for all 7 > 0. Because {B — l3i)~^ = y hj (150]) . the latter yields 

e^T^y = ye'^^{e^{I + (3i y) - (5i y) = ye'^^{e^B - (3i)y. 

Hence we have 

e'^^ie^B - (3i)-^ = ye'^^ = {B - pi)-^e'^^ 
which in turn implies that 

(35) e^^^(e^S - /?i)-" = {B - ^i^e'^^ 

for all n G N and 7 > 0. 

Now we fix 7 > and consider the set JF2 of all A G C\M for which 

(36) e'^^ieW - /x)"" = (B - /i)^"e'^^ 

is satisfied for all n G N. Arguing as in the paragraph before last, with A and A + i replaced 
by B and e^B, we conclude that JF2 is open. Since Pi G J-'2 by (135|) . J^2 contains the lower 
half-plane when f3 < resp. the upper half-plane when /3 > 0. Let us first assume that (3 < 0. 
Then (I36p is valid for all fi such that Im /i < 0. 

Proceeding as above, we multiply equation (15^ by (— /i)" and set /i = — n^^^i with 6 > 
and n G N. Letting n — 00 by using formula fl34p we obtain 

(37) gn^gi<5e^B _ e^-^-^e^^^. 

Up to now equation (!37|) has been proved only for 7 > and 6 > 0. We now show that (1371) 
holds for arbitary real numbers 7 and 5. First we note that (!37|) is trivially fulfilled if 7 = 
or (5 = 0. Applying the involution to (!37|) and multiplying the corresponding equation by e'^'^^ 
from the left and from the right we get en-4g-«<5eTB _ ^-iSb^i^a^ This shows that fl37p is valid for 
all 7 > and 5 G M. Applying the involution to (|57|) . with 5 replaced by real r], and multiplying 
then by e*''^^-^ from the left and by e^^^ from the right we derive e~'^'^^e^^^ = e^^'^^-^e"*'^^. Setting 
6 = Tje^ the latter yields e~^'^^e^^'^ ''^ = ^^^^^-^'^a -^^j^ich means that (l37|l holds for 7 < and 
(5 G M. Thus, equation (1571) is satisfied for all reals 7, 5. 

The case when /? > is treated a in similar manner replacing 5 > by 5 < in the preceding. 

For (e'^,5) = exp 5h exp 7a G G we define U{{e^,5)) = ^-^^^^-i^a^ straightforward 
computation based on equation fl37p shows that ?7 is a homomorphism of G into the unitary 
group of H. Hence ?7 is a unitary representation of G on H. Clearly, idU{a) = A and 
idU{b) =B. □ 
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As a byproduct of the preceding considerations the next theorem gives an integrabihty cri- 
terion for Hilbert space representations of the Lie algebra g. Here the density condition fl39l) is 
the crucial assumption for the integrabihty of the representation. Note that it is not sufficent 
that A and B are selfadjoint operators satisfying relation (1551) on a common core. 

Theorem 7. (i) Suppose that U is a unitary representation of G. Let a, (3 he fixed real numbers 
such that \a\ >1 andp^O. Let A = idU{a), B = idU{b) andV = {A-ai)-\B - pi)-^n{U) . 
Then T> is dense in 'H{U) = {B — (3i){A — ai)V and we have 

(38) AB<^ - BAif = iBif for ip eV. 

(ii) Suppose that A and B are self-adjoint operators on a Hilbert spaceTi. Let a, /? G M, a < — 1 
and (3^0. Assume that there is a linear subspace T) C V{AB) fl V{BA) of Ti such that ^3E) 
holds and that 

(39) {B - (3i){A - ai)V or {A - {a+l)i){B - f3i)V is dense in H. 

Then there exists a unitary representation U of G such that A = idU{a) and B = idU{h). 

Proof. We retain the notations Xq = {A — ai)~^, Xi = {A — {a+l)i)^^ and y = {B — I3i)~^. 

(i): Recall that equation fl2^ is satisfied by Proposition [H] and fISUl) holds by definition. 
Obviously, ker {x^y)* = {0}, so "D = XoyH is dense in 7i{U). 

From ([25]) and ([30]) it follows that V C V{AB) n vIbA). U ip e H, then <p := Xoytp = 
yxi{I — /3xoy)ip G P by (I2S]) . To prove that equation (155]) is valid we compute 

ABlp - BAif - iBifi = {A- {a+l)i)){B - pi)ip - (5 - pi){A - ai)ip + P^p 

= {A — {a+l)i){B — [3i)yxi{I — Pxoy)i/j — {B — Pi){A — ai)xoyip + Pxoyip 

= (J - Pxoy)tp -ip + Pxoyip = 0. 

(ii): Assume that Vi = {B—Pi){A—ai)V is dense in H. The case when {A— {a+l)i) {B — Pi)V is 
dense is treated in a similar manner. Let ip G X^i. Then ip = {B — f3i){A — ai)i/j for some ip &T>. 
By ( 155]) we have ip = {A — {a+l)i){B — Pi)ip + Pip, so that Xoyip = ip and yxiip = ip + Pyxiip 
which in turn yields that Xoyip = yxi^p — PyxiX^yip = yxiip — Pyx^Xiyip. Since Vi is dense in 
we have x^y = yxi — Pyx^Xiy on TC, that is, holds. Since equations (125]) and follow 
at once from the definitions of xq, xi and y, Theorem [6] applies and gives the assertion. □ 

8. Application: A Strict Positivstellensatz for the Enveloping Algebra of 

THE ax + 6-Group 

In this section A is the complex universal enveloping algebra S{q) of the Lie algebra g of the 
affine group of the real line. Setting a := ia and b := ih, A becomes the unital *-algebra with 
two hermitian generators a and b and defining relation 

(40) ab-ba = ib. 

Let us fix two reals a and P such that a < —1, P ^ and a is not an integer and set 

Sg = {s = b - pi, Sn = a - {a+n)i; n G Z}, SG = SgU S*, Xg = S^^, Ac = {a, b}. 

Using (140]) we obtain Sn+ib = bsn, s^_ib = bs*^ for n G Z, s^a = (s(a — i) + P)s and (s*)^a = 
(s*(a — i)— P)s*. From these formulas it follows that the unital monoid <S generated by the set 
Sg is a *-invariant left Ore set, so we can assume that S = So- 

The *-subalgebra X of ASq^ is the unital algebra generated by the elements y:=s~^ and 
Xn'-=s~^, where n G Z, and their adjoints. In the *-algebra X we have the following relations: 

(41) = 2{a+n)i = 2{a+n)i a;„x* , y-y* = 2pi y*y = 2piyy*, 

(42) Xn—Xk = {n—k)iXnXk = {n—k)ixkXk, Xn—xl = {2a+k+n)i Xnxl = {2a+k+n)i xlxn, 

^ny~yXn+l = ~PyXn+lXny = ~P-^ny ^^n+l) ^ny* ~y*Xn+l = Py*Xn+lXny* = P^niy*) ^n+l- 

Lemma 12. Conditions (O), {I A) and (AB) are satisfied. 



18 



KONRAD SCHMUDGEN 



Proof. The proof is similar to that of Lemma [TOl As a sample, we verify [I A). Combining 
relations fH2l) and fH3l) we obtain XnXk = XkXn, XnXl = x\Xn, 

XnV = yXn+lil - PXnV) = (1 - + ZX„+i)x„, 

XnV* = y*Xn+l{l + PXnV*) = (1 + + ix„+i)x„, 

XnV = - = (1 - /5<l/)l/(l + ^<-lX, 

= y*x:_,il + Px^y*) = (1 + Px:y*)y*{l + <_i)< 
for n,k E Tj. From these equations and their adjoints we conclude that {I A) is fulfilled. □ 

Proposition 7. For any -torsionfree ^-representation p of the *-algebra X there exists a 
unique unitary representation U of the group G such that Tip = dU . The representation p is 
irreducible if and only if U is irreducible. 

Proof. Since the relations fl23|) - fl25|) are contained in (HTl) - fH3l) . Theorem [6] applies. Hence there 
exists a unitary representation U of G such that idU{a) = A and idU{h) = B. As in the proof 
of Proposition [5] it follows that 7rp(a)v9 = Aip and Hp{b)ip = Bip for ip e T>{iTp) and that T>{np) is 
the intersection of ranges of all finite products of operators {A — i{a+n))~^ = p{xn) = p{s~^), 
{B — l3i)~^ = p{y) = p{s2^) and their adjoints. The latter set is obviously the intersection of 
domains of all finite products of A and B. Hence Vij^p) is equal to the domain V°°{U) (see e.g. 
|S1], Theorem 10.1.9) of dU. Since dU{a)ip = idU{a)ilj = Aijj and dU{h)^lj = idU{h)ip = B^ for 
e V°°{U), we conclude that TTp = dU. 

As stated in Theorem [Tj p is irreducible if and only if rCp is so. But dU = Ttp is known to be 
irreducible if and only if the unitary representation U is irreducible (|Slj. 10.2.18). □ 

From Proposition [6] it follows easily the converse of Proposition [7] is also true (that is, any 
*-representation dU of A is equal to vTp for some torsionfree *-representation p of X), but we 
will need this result in what follows. 

Because [a^h^] k, ueNq} and {6"a^; k, nGNo} are bases of the vector space A by the Poincare- 
Birkhoff-Witt theorem, each nonzero element c E A can be written as 

di d2 d2 di 

(44) c = ^^7,,a^-6' = J^/„(a)6- = J29k{b)a\ 

j=0 1=0 n=0 k=0 

Here 7^7 G C and /ra(a) and gk{b) are complex polynomials uniquely determined by c. We define 
d{c) = {di, 6/2) if there are numbers jo, Iq G Nq such that 'ydi,io and 7^0,^2 7^ 0- Then d is a 
multi-degree map on the *-algebra A. It is easily checked that conditions {A3)-{A5) are valid. 

Theorem 8. Supoose that c = c* is a nonzero element of the enveloping algebra A = S{q) with 
multi-degree d{c) = (2mi,2m2), where mi,m2 G Nq, satisfying the following assumptions: 

(I) For each irreducible unitary representation U of G there exists a bounded self-adjoint oper- 
ator T[/ > on Ti.{U) such that dU{c) > Tij. 

(II) 72mi,2m2 7^ and the polynomials /2m2(' + ^2^) o-nd g2mi o'^e positive on the real line. 
Then there exists an element s G 5 such that s*cs G X] 

Proof. Since the proof follows a similar pattern as the proof of Theorem [5l we sketch only the 
necessary modifications. Settingt := s'^^s'^^, the element z := t^^c(t*)~^ = x'f^^y"'^c{y*)"^^{xQ)"^^ 
belongs to X by Lemma [7|(ii). 

The assertion follows from Theorem [3l It remains to prove that assumptions (i) and (ii) 
therein are satisfied. Assumption (i) is a consequence of assumption (I) combined with Propo- 
sition [71 To verify assumption (ii) we first note that all ideals J7s„ coincide by relation (H2l) . so 
it suffices to show that assumption (II) implies that Ps{z) > and Pso{z) > 0. 

Let us begin with Ps{z). Note that that we have /2m2('^)^™^ = ^™V2m2('^ + ^2^ by the 
commutation relation (HOl) . Further, we have yb = 1 -\- f3iy and by* = 1 — jSiy*. Using these 
facts and arguing as in the proof of Theorem [5] it follows that 

(45) p.(^) =p.(xrz/"^V2n^2(«)&'"^Hy*)™Ha:*)"^0 =Ps(xr/2„.2(a + "^20(a^o)™^)- 
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Now we turn to Psoi^)- From fH2|) and fj43|) we have Xoy — yxQ = {i — /3y — [3ixiy)xi. As in 
the proof of Theorem [5] we therefore obtain 

Ps,{z) = PsA<'y"''g2^Ah)a''^'{y*r\xir^) = ps,{y"^^x^^g2„^Ab)a'-'i4ny*D 

Let ^2mi(&) = lib^- From (gO]) it follows that ^2^2 (&)a'"^ = ES liia-li)"'^b^. Moreover, 

xa = 1 + aix. Using these relation we derive 

(46) p,,{z) = Pso{y'^'x^^g2mAb)a'"''{x*or'{yT') = PsAy"''92mAb){y*r') 

Having fHSj) and P6l) a similar reasoning as in the last part of the proof of Theorem [5] shows 
that assumption (II) implies that Ps{z) > and Pso{z) > 0. □ 

Remark 6. According to a classical result due to Gelfand and Naimark [GNj . the set of 
equivalence classes of irreducible unitary representations of the group G consists of two infinite- 
dimensional representations U± and of a family fXy, 7 G M, of one-dimensional representations. 
The associated infinitesimal representations dU± act on the domain 

V^{U±) = {f e C~(M) : e^V^^Ha;) e L\R) for all n,m e Nq} 

of the Hilbert space L^{R) by dU±{a)f = if and dU±{b)f = ±e^/(x). For 7 e M we have 
dU-y{a) = 7 and dU^{h) = 0. Inserting these expressions into (14^ leads to a more explicit form 
of assumption (I) of Theorem [HI That is, (I) is equivalent to the requirements /o > on M and 

2mi , 

dU^ic) = Y.9ki±en^''{^)' > T± on P-(f/±) 

k=0 

for some bounded selfadjoint opertors T± on L^(M) satisfying T± > 0. 
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